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Upper and lower es t imates  are  es tabl ished for  the solutions to cer tain boundary-value p rob-  
lems in the theory of heat conduction. 

A s is well known, comparison theorems yield "from below" and "from above" estimates in the solution 
of differential equations. With sufficiently accurate estimates based on comparison theorems, it is possible 
to evaluate certain approximate methods of solution. 

In the technical literature are given comparison theorems for ordinary differential equations, whether 
linear [i] or nonlinear [2]. In the case of self-adjoint and limit self-adjoint solutions to parabolic equations, 
one can establish estimates for the solution on the basis of comparison theorems for ordinary differential 
equations. The comparison theorem proved in [3, 4] applies to parabolic equations with any initial and 
boundary conditions. The comparison theorem proved in [5] applies to a specific system of the parabolic 
kind. The use of comparison theorems for estimating the solutions to self-adjoint problems has been 
dealt with in [6, 7]. In [5-6] comparison theorems are used for estimating the solutions as well as for 
analyzing the accuracy of the linearization method and of the method of successive steady states. 

Here the authors will show on the specific examples how the Westphal theorem can be applied to the 
theory of heat conduction. 

I. We will estimate the solution to the problem of heat propagation through a semiitffinitely large 
medium with a temperature-dependent thermal conductivity varying along the space coordinate: 

OT - 0 ( Ox OT ' (1) 

T(0, / ) = T o ;  T(co,  t )=To; T(x, 0 ) = T  O . (2) 

We introduce the function u = T 2 which r ep resen t s  the solution to the following problem: 

OuOt -- a 2 V ~  ( X~ ~ x  ) ' (3) 

u(0, t )=T2c=Uc; u(co, t) =T2o =Uo; u(x, 0) = u  o. (4) 

We assume that 0T/0t  -< 0 (when T c < To), then 0u/at  _< 0. 

We next consider  the functions u 1 and u 2 which sat isfy respec t ive ly  the following equations: 

Oulot = a2|# ~ ~x (x ~Oul ) Ou2 a2 - -  0 ( Ou 2 
- = l / u o O  x \x~--~-x (5) 

and conditions (4). Obviously, the following inequalities 

au 1 ~ a 2  - -  a au~ ~ , 

Ou~ ~. a ~ ~z x ~ ~ / 
Ot 

hold true. 

Transla ted f rom Inzhenerno-Fiz ieheski i  Zhurnal, Vol. 24, No. 2, pp. 317-323, February ,  1973. 
Original ar t ic le  submitted March 9, 1972. 

�9 19 75 Plenum Publishing Corporation, 227 West 17th Street, New York, N. Y. 10011. No part of this publication may be reproduced, 
stored in a retrieval system, or transmitted, in any form or by an), means, electronic, mechanical, photocolo,ing, microfilmh~g, 
recording or ot,~erwise, without written permission of the publisher. A cop), of this article is available fi'om the pubSsher for $15.00. 

229 



As a consequence of the Westphal  t heo rem,  i t  follows f r o m  (6) that  

The solutions to Eq. 

where  

u~ ~< u .<~ ur 

(5) under conditions (4) a r e  

x~--2t 2it--3 
u~ (x, 0 = Ai + Bi y ~'~ exp - -  -/;i (a _ 2) 2 dy, 

0 

(7) 

U e --  U o i = l ,  2; A i = A ~ = u o ;  B i =  2e-3 

y ~-2 exp bl (~ __ 2)2y dy 
0 

b~ = a ~ V ' ~ ;  b~ = a~ v' Uo. 

By vir tue  of (7), for  the t h e r m a l  f luxes a t  x = 0 we have the e s t ima te  

q~ ~ q ~ qr 

The ra t io  Y = ql/q2 was ca lcula ted  for  a = 1/2. 

Fo r  a = 1.2, 1.5, and 2.0 we have obtained T = 1.07, 1.18, and 1.29 respec t ive ly .  

2. We will next cons ider  the p r o b l e m  of heat  p ropaga t ion  in a two- l aye r  plate.  The heat t r a n s f e r  
between l a y e r s  i s  a s s u m e d  to obey Newton 's  Law. The heat  p ropaga t ion  p r o c e s s  is  desc r ibed  by the follow- 
ing s y s t e m  of equations:  

OT 1 i)~T1 
~Ot = a~ Ox---- U ~ r i (T x - T 2 ) ,  

ffl'~ O~T~ % (T2 __ Ti),  
-or - - 

where T 1 and T 2 a r e  the t e m p e r a t u r e s  of the r e spec t ive  l aye r s .  
~re 

T i(0, t) = 0 ;  T l(x, 0) = 0 ;  

v~(o, t) = o ;  T~(x, 0 ) = 0 ;  

We a s s u m e  the following inequal i t ies :  

0 ~ < r ~ <  1; 0 ..< T, ..<. 1. 

Let functions Tll and T12 r ep re sen t  respect ive ly  the solutions to the equations 

OTll O~Tll 
Ot = a~ Ox i ~ ,  

The init ial  and the boundary conditions 

Tl(1; t ) =  l; 

T~(1, t) = I. 

and sa t i s fy  conditions (9). 
the compar i son  t h e o r e m  yields  

TI~ ~< Ti  -~ T n. 

The solutions to p r o b l e m s  (9)-(11) a re  

Vii, =X'~- ~ {~12g~ 2 + I 2 (-Tl:k 1)k'l-I 

(8) 

(9) 

(io) 

( i i )  
OTi2 O~Tl~ 
Ot = a~ Ox ~ 

F o r  functions Ttl and W12 one can wri te  inequal i t ies  of the (6) kind, w h e r e f r o m  

~.~2k2~ 12 l exp(-a~2k2t)} sin ~kx; 

s TI~ -- x -+- 2_~ (--1)k+l exp (-" a~r~k~t) sin ~kx, 
n k k=l 

(12) 
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where  

4% le = 2n + I 
axk 

0 k = 2n. 

F o r  the t h e r m a l  f luxes  at  x = 0 we have,  by  v i r tue  of  (9) and (12), 

qL2 ~ q -~ ql,. 

Ca lcu la t ions  y ie ld  

~ ,=max  ql.___.X_~ = 1  + 0 . 5  % 
t q ~  a~ 

The solut ion fo r  T 2 is  e s t i m a t e d  ana logous ly .  

the e s t i m a t e  

3. We will  next  e s t i m a t e  the solut ion to the fol lowing p r o b l e m :  

Ot = (r) ; (la) 

T(0, t ) = T e ;  T(1; t ) =  1; T(x,  0 ) = 1 .  (14) 
T 

As  before ,  we in t roduce  a funct ion u = S a(y)dy  r e p r e s e n t i n g  the solut ion to the p r o b l e m  
1 

Ou O~u 
- - -  = a ( T ) - - -  , (15) 

Ot O x ~ 

T c 

u(O, t ) =  ( a(v) dV=Uo; u(1, t ) = O ;  u(x, 0 ) = 0 .  (16) 
1 

Let  funct ions  u 1 and u 2 s a t i s fy  condi t ions  (16) and r e p r e s e n t  r e s p e c t i v e l y  the so lu t ions  to equat ions  

Ou~ 02ul 02ul Ou~ 02u~ 02u~ 
- - a ( T c ) -  a 1 ; - - = a ( 1 )  = a l ~ .  (17) 

Ot Ox 2 Ox 2 Ot Ox ~ Ox ~ 

Applying  the Wes tpha l  t h e o r e m ,  we obtain  

u 2 .< u _< uv (18) 

Solut ions u 1 and u z a r e  well  known [10]: 

u~ = u0 (1 - -  x )  - -  - -  2__U o ~ 1 sin (2znx) exp (--- a2n2ait) 
aX ~ =  n 

i = 1 ,  2. 

F o r  the t h e r m a l  f luxes  at  x = 0 we have f r o m  (18) and (16) 

OT .<~ q~ (0, D. q, (o, 0 < a (T) 

The va lues  of the quan t i ty  T--- max  ]ql(0, t)/q2(0, t)l a t  va lues  of  a = a z / a  1 = 2.0, 1.6, 1.4, 1.2, 1.1, 
and 1.05 a r e  1.35, 1.27, 1.19, 1.10, 1.05, and 1.02 r e s p e c t i v e l y .  

4. At  this  po in t  i t  will  be shown how to obtain  r e f ined  e s t i m a t e s  of  so lu t ions  by s u c c e s s i v e  app l ica t ions  
o f  the c o m p a r i s o n  t h e o r e m .  

Le t  i t  be r e q u i r e d  to e s t i m a t e  the solut ion to the fol lowing p r o b l e m :  

Ot ~ x  (1 + 0 . 5 T ) -  Ox- ' (19) 

T(0, t) = 0; T(oo, t) = 1 ;  T(x,  0) = 1. (20) 

We in t roduce  the funct ion u = (1 + 0.5T) ~ r e p r e s e n t i n g  the solut ion to the p r o b l e m  

ou ~ = V u  ~ �9 (21) 
Ot ax 2 ' 

u(0, t) = I; u ( ~ ,  t) = 2.25; u(x,  0) = 2.25. (22) 
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In o rde r  to a r r ive  at an approximation,  we seek functions u 1 and u 2 which sat isfy conditions (22) and equa- 
tions 

Oul 02ul �9 Ou2 = 1 .50~u~ 
Ot -- 0 ~ - '  O---i- ~ "  (23) 

According to the compar i son  theorem, u 2 -<- u -< u 1. Thermal  fluxes corresponding to solutions u 1 
and u 2 are  proport ional :  

a t x =  0 

0.7 0.57 
q ~ - - ~ '  q ~  Vt- " (24) 

In o rde r  to refine these es t imates ,  it is  n e c e s s a r y  to use solutions u 1 and u 2. In o rde r  to refine the 
lower es t imate ,  for  example, one must  use u 1. For  this, one seeks the function uz which represen ts  the 
solution to the problem 

Ot Ox 2 ' 

us(0, t) = 1; u 3(co,t) =2.25; u 3(x, 0)----2.25. 

Obviously, by virtue of (21) and the compar ison  theorem,  the following inequalities 

Ou c~2u Ou~ 02u2 . 

hold true. Fo r  this reason,  by applying the compar i son  theorem again, one may find that u 2 -< u a - u. For  
the thermal  flux at x = 0 we obtain the es t imate :  

q~ ~< q3 ~ q. 

Numerical  computations show that qz ~ 0.61/4-t, i . e . ,  the lower es t imate  has been refined. The 
upper es t imate  is ref ined by an analogous procedure .  

5. At this point we will es tabl ish  es t imates  for  soh t ions  to boundary-value p rob lems  in the theory of 
heat conduction where the maximum-value  principle is not satisfied. In such a situation one can obtain a 
p r io r i  es t imates  of solutions which, however,  are  r a the r  rough and unsuitable for  refinement.  

For  instance,  let the tempera ture  distribution in an infinitely large medium with a t empera tu re -de -  
pendent thermal  conductivity and with a continuous heat source be 

Ot = 0-~ a~r Ox  .... §  (25) 

OT 
T(0, t) =Tc ;  T(x, 0) =To;  ~ (co, t) = 0 .  (26) 

Ox 

We assume that aT/Ot --- 0 (for this we let To > Te). We introduce the function u = T 2 represent ing  
the soh t t on  to the problem:  

Ou = a ~ V u  O2u 2bV'uexp (-- kx), 
O[ Ox ~ + 

We assume that function u(x, 
sa r i ly  exact) by Uma x and Urnin respect ive ly :  

'tml. -< u ~ U~ax. 

We also introduce the functions u i and u 2 which respec t ive ly  sat isfy equations 

~gui = a S V-urea x ~a l  + 2b VUrain exp ( -  kx) 
Ot Ox 2 ' 

Ot Ox ~ 

(27) 

au 
u (0, t) = T~ = uc; :u (x, 0) = T~ = u0; ~ (co, t) = 0. (2S) 

t) is  bounded, denoting its as  yet  unknown upper and lower l imits  (not neces -  

(29)  

(30) 
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and  condi t ions  (28), 

hold  t rue  and thus ,  

An a n a l y s i s  of  func t ions  

Obvious ly ,  the fo l lowing inequa l i t i e s  

0~u 2b ]/-u-~l ~ exp ( - -  kx) ~ Ou aS ~///max . . . . .  
ax s at 

- - -  aSu ' 2bVuma x exp ( - -  kx) -.< a s V Um~n 0--~- -~ 

on the b a s i s  of  W e s t p h a P s  c o m p a r i s o n  theory ,  u 1 - u -< u 2. 

2b _ /  
Umin 

V exp ( - -  kx), U1 ~ //I aSt~ Umax 

2b I- 
v 2 = u s --  aSk---- z- ] / /  ms~ exp ( - -  kx), 

V /~min 

wil l  e a s i l y  e s t ab l i sh  the va l i d i t y  of  the fo l lowing inequa l i t i e s :  

ra in  u o, u e @ ~ - - / 2 m a x  / 

2b 
1--/ u ~  > 
k umin 

F r o m  (31) we obta in  the fo l lowing e s t i m a t e s  f o r  u 1 and u2: 

u 1 >/rain uo, uc + ~ - -  u~ax . t/ma x a2k~ 

2b ] /  Um~x 

Consequen t ly ,  f o r  the o r ig ina l  funct ion u we have the fo l lowing e s t i m a t e s  

uo + a~k "--~2b _//maXumin >/ UZ >/ U >/ t h >/ rain u~ uc @ ~ - -  //maxUmln a 

__ 2_~_b V Umin 
a2k~ 

//max 

Now Urea x and Umi n a r e  d e t e r m i n e d  f r o m  the s y s t e m  of equa t ions  

V ttma x ~ U o , a2k 2 //max 
//rain 

//llal~-x / 

The  e x a c t  so lu t ion  to p r o b l e m  (30), (28) i s  wel l  known [8]: 

uo - / / ~  mik ~ ("o - -  uo) I. 

( ) X 
-- exp ( - -  kx) - 1 2  exp (k2m~t .-- kx) erfc k I' mit - -  ~2 

+ ~ exp (k2mit § kx) erfc k ]/m~-~t '- 2 

whe re  

ml=a2V~max ,  m s -= a s ~umi ~, nx = 2b ]/-uml n, n s = 2bVuma x ; 
Y 

2 .t' exp (--- ~s) d~. eric @ =  1 - i / - ~  
0 

The r a t i o  of  e s t i m a t e s  f o r  the t h e r m a l  f lux a t  x = 0 i s  

ql 

q~ 

..... {--kSmlhu ~- nl [k V ~ - ~ t  (I + exP . (kSm~t) erfc (k V-@))  - -  2]} m~ ] / r ~  
{--- k=m=hu--n, [k V" nm2t (1 + exp (kSm2t) erfc (k Vr~F)) - 2]} m~ V - ~  

(31) 
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with Au = u0--u 1. Fo r  Tc/T0 = 2.0, 1.8, 1.6, 1.2, 1.1, and 1.05, with a 2 = 1O -9 m 2" sec-l(~ -1, b = 1O-6~ 
�9 sec -1, and k = 900 m -1, the values of a are  0.5, 0.55, 0.66, 0.83, 0.91, and 0.95 respect ively .  

N O T A  T I O N  

T is the t empera tu re ;  
~2 is  the the rmal  diffusivity; 
q is the the rma l  flux; 

is  the heat t r an s f e r  coefficient�9 
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